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Abstract. This paper discusses a recent proposal for the simulation of acoustic black
holes with ions [1]. The ions are rotating on a ring with an inhomogeneous, but
stationary velocity profile. Phonons cannot leave a region, in which the ion velocity
exceeds the group velocity of the phonons, as light cannot escape from a black hole.
The system is described by a discrete field theory with a nonlinear dispersion relation.
Hawking radiation is emitted by this acoustic black hole, generating entanglement
between the inside and the outside of the black hole. We study schemes to detect the
Hawking effect in this setup.
PACS numbers: 04.70.Dy, 03.75.-b, 04.62.+v, 37.10.Ty
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Figure 1. Schematic depiction of the ion rotation with velocity v (θ) and the
phononic excitations with velocity ±c (θ), that depend on the varying ion spacing.
In the subsonic region the ion velocity is v (θ) = vmin, in the supersonic region it
is v (θ) = vmax. The external force F
e (θ) localized at the transition between the
super- and subsonic regions (de-) accelerates the ions. The black area represents the
supersonic black hole region. A movie of the ion motion is accessible online (New J.
Phys. 13, 045008 (2011)).
1. Introduction
It was shown based on the theory of quantum fields (QFT) in curved spacetime that,
surprisingly, black holes emit thermal radiation [2]. However, the direct observation
of Hawking radiation is difficult because the Hawking temperature is very small for
astrophysical black holes. Furthermore, the original derivation of Hawking radiation
relies on the validity of the wave equation on all scales, whereas QFT in curved space
is expected to be reliable just up to the Planck scale. This paper is discussing Hawking
radiation in the context of analogous hydrodynamical systems, which address these
issues. These have an analog horizon at the transition from subsonic to supersonic (black
hole) flow. It was shown that such analog horizons emit Hawking radiation [3], which
can potentially be detected in experiments. The variety of different analog models and
their tunability allows us to study the robustness of Hawking radiation against changes
in the underlying microphysics. This will contribute to deepen our understanding of the
Hawking effect also in gravitational black holes.
In recent years many experimental tests of Hawking radiation have been proposed
based on the hydrodynamical analogy [4], e.g., phonons in Bose-Einstein condensates
(BECs) [5, 6], Fermi gases [7], superfluid Helium [8], slow light [9, 10, 11], and
nonlinear electromagnetic waveguides [12]. Some experiments have implemented analog
spacetimes in experiments, e.g., in BECs [13], optical fibres [14], and water surfaces [15].
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Figure 2. Typical profiles of the ion (v, green) and the sound velocity (c, blue) used
in this article (see Appendix B). The profile shows a super- and a subsonic region. The
ion velocity in the subsonic region is vmin = 2π× 0.83¯/T and the black hole horizon is
located at σvminT = 2π × 0.25. A white hole horizon is also present on the ring [1].
Common to all these attempts is that they have not reported on the observation of the
quantum Hawking effect ‡.
In the present work we discuss a proposal how to build an analog model of a black
hole in an experimentally realizable system of ions [1]. A special ingredient of our
proposal is its discreteness, which naturally leads to a sublinear dispersion relation at
high wavenumbers. This affects the trajectories of blue shifted waves close to the event
horizon [17]. The dispersion relation is, additionally, non-trivial at low wavenumbers
because of the long range Coulomb force. However, as we will show, we still obtain
Hawking radiation. Analytic derivations [17, 18, 19, 20] as well as numerical calculations
show that the Hawking effect is robust against such short scale modifications, e.g.,
for a continuous field with a sublinear dispersion relation [21] and a discretized field
on a falling lattice [18]. Our proposal uses a parameter regime which is accessible in
experiments at temperatures currently achieved. Thus, it could lead to the experimental
observation of Hawking radiation.
Let us now summarize the main idea of our proposal. We are constructing a discrete
analog of an hydrodynamical system with super- and subsonic regions in a quadrupole
ring trap [22, 23] as schematically depicted in Fig. 1. The ions are rotating on a ring
with circumference L with an inhomogeneous velocity profile v (θ) (see Fig. 2). Since the
velocity profile should be stationary in the lab frame, the ions must be inhomogeneously
spaced. Additional electrodes exerting a force F e (θ) on the ions generate the necessary
(de-)acceleration. The oscillating displacements of the ions around this equilibrium
motion are phonons with velocities c (θ) ∝ (v (θ))−1/2. Regions with sufficiently large
ion spacings and sufficiently low phonon velocities are supersonic; here phonons can only
‡ After the submission of this paper the observation of the quantum Hawking effect has been claimed
in [16]. But pair emission of and entanglement between Hawking particles has not been observed yet.
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move in the direction of the ion flow and are trapped like light inside a black hole. We
consider a system with a super- and a subsonic region. The border between these regions
is analogous to a black hole horizon and will be shown to emit Hawking radiation.
The plan of our paper is the following. First we will describe the system of ions on
a ring and explain why it is expected to show the Hawking effect in Sec. 2. Then we
briefly review previous works which are relevant for our analysis in Sec. 3. After this
preparation of the reader we present our simulation results and discuss them in Sec. 4.
We are analyzing the Hawking effect in our system in two distinct ways: First we prove
that the Hawking effect has a thermal spectrum by scattering pulses on the black hole
horizon, second we are analyzing the emission of Hawking radiation from a black hole
after its formation. In the latter situation we analyze the entanglement between pairs of
Hawking particles, one inside and one outside the black hole. In this context we observe
a transition from the quantum to the classical Hawking effect (spontaneous versus
stimulated emission). Most importantly, this is suitable for experimental verification.
In Sec. 5 we will discuss experimental setups which allow for the measurement of the
analyzed physics.
2. Ion Ring System
In this section we are presenting our theoretical description of ions on a ring. In Sec. 2.1
we start with the full Hamiltonian, explain our assumptions and approximations, and
point to the equations underlying our simulations. We establish the connection with
the general description of analog black holes in hydrodynamical system by considering
the continuum limit of the system in Sec. 2.2.
2.1. Discrete Ion System
In the following we are explaining the detailed setup of our proposal. The dynamics of
N ions with mass m and charge e are described by the Hamiltonian
H = −
N∑
i=1
4π2~2
2mL2
∂2
∂θ2i
+
N∑
i=1
V e (θi) + V
c (θ1, . . . , θN ) (1)
with the Coulomb potential V c and a local external potential V e (θ). Instead of
specifying V e we will impose an angular velocity profile v (θ) by fixing the equilibrium
positions. The required V e is then determined through the difference between the ion
acceleration θ¨0i (t) and the Coulomb force F
c
i (θ
0
1, . . . , θ
0
N). The Coulomb force and the
external force are given in Appendix A.
To this aim we impose the classical equilibrium positions
θ0i (t) = g
(
i
N
+
t
T
)
, (2)
where g maps the normalized indices i/N ∈ [0, 1] monotonically increasing onto the
angles θ ∈ [0, 2π] and is periodically continued. g must be sufficiently smooth, i.e. three
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times continuously differentiable. The stationary angular velocity profile is
v (θ) =
g′ (g−1 (θ))
T
, (3)
where T denotes the rotation time of the ions (see Fig. 2) and g′ is the derivative
with respect to the argument of the function g. In a part of this paper we consider to
dynamically create a black hole metric from a flat metric. To this aim, we decrease vmin
from the value vmin = 2π/T for homogeneously spaced ions in a Gaussian way with time
constant τ (see Appendix B).
We choose a stationary velocity profile as depicted in 2. It is composed of a
subsonic region with the constant angular ion velocity v (θ) = vmin in the angular
range 0 < θ < σvminT and 2π − σvminT < θ < 2π. In the supersonic region
σvminT < θ < 2π − σvminT the constant angular ion velocity is
v (θ) = vmax =
2π
T
1− 2σvminT
2pi
1− 2σ . (4)
The two velocities vmin and vmax are naturally constrained by the rotation time of the
ions vmin < 2π/T < vmax. The black hole horizon in our system is located close to
θH = σvminT . Due to the ring structure a second horizon, the white hole horizon exists
at θH = 2π − σvminT . The transitions at the horizons between the subsonic and the
supersonic regions contain 2γ1 (black hole horizon) and 2γ2 ions (white hole horizon).
The exact expression for the velocity profile is given in the Appendix in Eq. (B.1).
We choose vmin = 2π×0.83/T and that the small transition regions 2γ1, 2γ2 contain
0.04N and 0.1N ions unless otherwise stated. If necessary, the black hole is dynamically
created in the small time interval τ = 0.05T (see Eq. (B.2)).
In this paper we do not work with the full Hamiltonian (1). Instead, we treat small
perturbations around the equilibrium motion θˆi (t) = θ
0
i (t) + δθˆi (t) and expand the
Hamiltonian to second order in δθˆi
H = 1
2m
N∑
i=1
δpˆ2i +
m
2
∑
i 6=j
fij(t)δθˆiδθˆj (5)
with the time dependent force matrix F = (fij) (see Appendix A) and the canonical
operators δθˆi and Lδpˆi/(2π) = −i~∂δθi describing the phononic oscillations of the ions.
This harmonic approximation is valid if the typical variation of the ion position is much
smaller than the ion spacing√
〈δθˆ2〉 ≈ 2π
L
√
~
mNωrot
(
〈nˆ〉+ 1
2
)
≈ 2π
7 · 105
(
〈nˆ〉+ 1
2
)
≪ 2π
N
. (6)
Here we use the typical mode frequency Nωrot where ωrot = 2π/T is the rotation
frequency of the ions. If we tune the ion velocity to lie in the same order of magnitude as
the sound velocity, ωrot gives the smallest mode frequency. We insert the experimental
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parameters considered in Sec. 5 with N = 1000 here. In this paper we propose an
experiment where the Hawking temperature TH and the initial temperature T0 are not
much larger than ~ωrot/kB, so we can assume 〈nˆ〉 ∼ 1. Then the above requirement is
nicely fullfilled.
The quasi-free quantum dynamics of this harmonic system (5) are governed by the
classical linear equations of motion for the first and second moments. Through Wick’s
theorem all higher order correlation functions are determined by these moments. The
first moments are 〈ξˆi〉 with the definition
ξˆi =
{
δθˆi i ∈ {0, . . . , N − 1}
−i~∂ˆθi i ∈ {N, . . . , 2N − 1}
. (7)
The second moments are grouped under the covariance matrix
Γij =
1
2~
〈{ξˆiξˆj}+〉, (8)
where {}+ denotes an anticommutator. The equations governing the dynamics and
determining the equilibrium states of the first and second moments are given in
Appendix C.
A stability analysis of this system is described in Appendix D. We find that
exponential instabilities, though present in this system, are not important for the
proposed experiment because it is performed during only one rotation period T .
2.2. Continuum Limit
In order to get some insight, we consider the limit of an infinite number of ions and
formulate the analogy with the standard Hawking effect in this limit.
We will first study the behavior of the dispersion relation of the ions at small
wavenumbers (see Fig. 3 for the finite chain). We use the approximation given in [24]
for small wavenumbers in the open Coulomb chain taking into account the long range
Coulomb interactions. From
ω(k) = ck
√
1− 2
3
log
(
ka
2
)
(9)
with the ion spacing a = L/N we get
dω(k)
dk
=
ω
k
− 1
3
c√
1− 2
3
log
(
ka
2
) (10)
and
d2ω(k)
dk2
=
−c
3k
√
1− 2
3
log
(
ka
2
)
[
1 +
1
3
(
1− 2
3
log
(
ka
2
))] (11)
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Figure 3. Phononic group velocity c(k) in the flat subsonic region as a function of
k for full Coulomb interactions (blue dashed line) and nearest-neighbor interactions
only (green solid line). For nearest-neighbor interactions only the group velocity
approaches a constant at small wavenumbers displaying the linear dispersion. For
full Coulomb interactions a logarithmic divergence at small wavenumbers is observed
for a finite system size. We use σvminT = 2π · 0.375, N = 1000, and e2/4πǫ0 =
1.2591/(2N) ·mL3T−2 (see Appendix B)
.
For k = 2π/L · n with 1 ≤ n ≤ n0 ≪ N this can be summarized as
dω(k)
dk
≈ ω
k
, and
d2ω(k)
dk2
≈ 0. (12)
For a given k, the phase and group velocity become identical in the continuum limit
N/L → ∞ as explicitly shown in Eq. (10). This is important for the definition of
the Hawking temperature in the following, see Eq. (17). If group and phase velocity
did not coincide, it would not be clear a priori how to determine the correct Hawking
temperature. For example, in the scenario considered in [20], the product of group and
phase velocity enters the formula for the Hawking temperature. Since both velocities are
identical in the continuum limit for our proposal, for the finite system we can determine
the Hawking temperature at a given k from the group velocity.
Now, we calculate the Lagrangian for the scalar field Φˆ (θ0i (t) , t) = δθˆi (t) in the
continuum limit. Here we can make an analogy with the standard Hawking effect as
observed in [3]. Because of the equilibrium motion of the ions the kinetic energy K
transforms according to
K =
m
2
(
L
2π
)2 N∑
i=1
(
dθi
dt
)2
≈
∫ 2pi
0
dθ
ρ (θ)
2
(
d
dt
Φ
(
θ0i (t) , t
))2
=
∫ 2pi
0
dθ
ρ (θ)
2
(∂tΦ + v (θ) ∂θΦ)
2 , (13)
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where we introduced the conformal factor ρ (θ) = n (θ) · mL2/(2π)2 with the density
n (θ) = N/(v (θ) T ). For an homogeneous system the potential energy V transforms to
V =
m
2
N∑
i,j=1
fijδθiδθj =
N−1∑
k=0
m
2
D(k)2|Φ′k|2
=
N−1∑
k=0
N∑
n,m=1
θn=
2pi
L
n
L2
(2π)2
m
2N
D(k)2e−ik(θn−θm)Φ(θn)Φ(θm)
≈
∫ 2pi
0
dθ
ρ (θ)
2
(iD(−i∂θ)Φ(θ))2 , (14)
where D (θ, k) = c (θ) k + O (k3) is the dispersion relation of the Coulomb chain.
Assuming a slowly varying v (θ), we can now formulate the Lagrangian for the ion
system in the laboratory frame in the continuum limit
L =
∫
dθ
ρ (θ)
2
[(
∂tΦˆ + v (θ) ∂θΦˆ
)2
−
(
iD (θ,−i∂θ) Φˆ
)2]
. (15)
This scalar field satisfying a linear dispersion relation at low wavenumbers with sound
velocity
(c (θ))2 =
2 · n (θ)
m
(
2π
L
)3
e2
4πǫ0
(16)
for nearest-neighbor interactions, resulting from the actual form of the matrix fij given
in Eq. (A.4), is analogous to a massless scalar field in a black hole spacetime as first
shown in [3]. Its quanta cannot escape a supersonic region with v (θ) > c (θ) like photons
trapped inside a black hole. The horizon of this analog model is located at c (θH) = v (θH)
with θH ≈ σvminT . Following [3], pairs of Hawking particles are emitted close to the
black hole horizon with a black body distribution at the Hawking temperature
kBTH
~
=
κ
2π
=
1
4πv
d
dθ
(
v2 − c2) |H = 3
4πT
g′′ (g−1 (θ))
g′ (g−1 (θ))
∣∣
θ=θH
. (17)
The first equality defines the surface gravity κ (see [2, 3]), in terms of the Hawking
temperature. The second equality is derived in reference [3], the third one results from
the explicit forms for v (θ) and c (θ) for nearest-neighbor interactions.
In the case of long-range Coulomb interactions, the calculation of the Hawking
temperature TH (see Eq. (17)) is difficult because of the non-linear dispersion relation
at low wavenumbers. In order to estimate the impact of this dispersion, let us introduce
an effective wavenumber-dependent Hawking temperature. Because the ion spacings are
inhomogeneous, we use a local density approximation. At each angle θ we calculate the
local density n(θ) of the ions. We then extract a group velocity c(θ) from the analogous
homogeneous system with constant density and Nθ = [n(θ)] ions, where the square
brackets denote rounding to the nearest integer. The group velocity is calculated from
the dispersion relation at adjacent wavenumbers. With this method we calculate angle-
and wavenumber-dependent group velocities c(θ, k). By comparing c(θ, k) with the ion
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Figure 4. Dependence of the Hawking temperature TH on the discrete mode
frequencies ω(k) in the comoving frame at small frequencies. For nearest-neighbor
interactions, the variation with the wavenumber is not visible, for long range Coulomb
interactions variations are present. This is due to the nonlinear dispersion. Since
these variations are not very large, we may approximately use a single Hawking
temperature for the full system. We use σvminT = 0.375, N = 1000. (red) Nearest-
neighbor interactions with e2/4πǫ0 =
1
2N
mL3
T 2
; (black) Full Coulomb interactions with
e2/4πǫ0 =
1
2N
mL3
T 2
(see Appendix B).
velocities v(θ), we find for each wavenumber the black hole horizon θH. The derivative
of c in Eq. (17) is performed with respect to the ion number Nθ instead of the angle
θ so that only a single rounding procedure Nθ = [n(θ)] is needed. Thus, Eq. (17) is
transformed into
kBTH (k)
~
=
1
2πT
g′′ (g−1 (θ))
g′ (g−1 (θ))
∣∣∣∣
θ=θH
(
1 +
NθH
g′ (g−1 (θ))2
∣∣∣∣
θ=θH
∂
∂Nθ
c (Nθ, k)
∣∣∣∣
Nθ=NθH
)
≈ 1
2πT
g′′ (g−1 (θ))
g′ (g−1 (θ))
(
1 +NθH
c (NθH + 1, k)− c (NθH , k)
g′ (g−1 (θ))2
)∣∣∣∣
θ=θH
. (18)
The dependence of the Hawking temperature on the wavenumber is depicted in Fig. 4
for the parameters used in the analysis in Sec. 4.1. For nearest-neighbor interactions,
the variation with the wavenumber is not visible, for long range Coulomb interactions
variations are present. This is due to the nonlinear dispersion relation. We make an
arbitrary choice and use one of these temperatures at small wavenumbers to analyze
the whole system at all wavenumbers. In Sec. 4.1 we will discuss how our results
depend on this choice. Note that in the continuum limit the dispersion relation for full
Coulomb interactions becomes linear which resolves the arbitrariness. Thus we find a
single Hawking temperature for the full system based on the form of the velocity profile.
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3. Review
In this section we will give a short summary of previous works related to our proposal
(see [25] for further details). In Sec. 3.1 we are describing a basic derivation of Hawking
radiation with quantum field theory in curved spacetime for systems with a strictly linear
dispersion relation. Secondly, we present a theoretical method that tests whether the
expected radiation has a thermal spectrum [21, 18] for systems with sublinear dispersion
relations (see Sec. 3.2). Then we explain a proposal, originally aiming at Bose Einstein
Condensates [6], on how to detect Hawking radiation in an experiment as quantum
correlations which emerge between a supersonic and a subsonic region, i.e. between the
inside and the outside of a black hole (see Sec. 3.3).
3.1. Hawking radiation and Mode Conversion
In this section we will summarize the derivation of Hawking radiation for a massless
scalar field with a linear dispersion relation D (k) = ck in a black hole analog spacetime,
defined by a velocity profile v (θ) (see Eq. (B.3) and Eq. (B.1)) and a density profile
ρ (θ). This system is governed by the Lagrangian
L =
∫
dθ
ρ (θ)
2
[(
∂tΦˆ + v (θ) ∂θΦˆ
)2
− c2∂θΦˆ2
]
. (19)
We will in the following assume ρ (θ) to be constant and work with the field Ψ =
√
ρΦ.
The correspondend classical field equation is[
(∂t + ∂θv (t, θ)) (∂t + v (t, θ) ∂θ)− c2∂2θ
]
Ψ (t, θ) = 0. (20)
The solutions of this equation determine the notion of excitation modes in the system
and are of the form
Ψ (t, θ) =
∑
±
∫ ∞
0
dω
(
Ψ±ω (t, θ) +H.c.
)
(21)
with Ψ±ω (t, θ) = exp (±iωt) Ψω (θ) for a stationary spacetime. ω denotes the frequency
in the lab frame, it is related by ω = (v ± c)k · L/(2π) to the frequency ±ck in the
comoving frame. The solutions Ψω are normalized with respect to the Klein-Gordon
inner product
〈Ψω
∣∣Ψω′〉 = −i
2
∫ 2pi
0
dθ [Ψ∗ω (∂t + v∂θ) Ψω′ −Ψω′ (∂t + v∂θ)Ψ∗ω] . (22)
For each frequency ω we can find four independent modes Ψ±ω /Ψ
±∗
ω . Complex
conjugation relates modes with a positive/negative sign of the Klein-Gordon norm
Nω = 〈Ψω
∣∣Ψω〉, corresponding to positive/negative frequency modes or particles/anti-
particles. Note that the frequency in the comoving frame ±ck determines the sign of
N . The index ± denotes modes which are left-/rightmoving (up-/downstream) in the
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comoving frame. Finally, the scalar field theory is quantized by expanding the field
operator in the modes (we drop the summation index ± now)
Ψˆ =
∑
ω
(
aˆωΨω + aˆ
†
ωΨ
∗
ω
)
(23)
and postulating canonical bosonic commutation relations for the mode operators aˆω
[aˆω, aˆω′] = 0,
[
aˆ†ω, aˆω′
]
= δω,ω′ . (24)
The vacuum of the system is defined to be annihilated by all aˆω
aˆω
∣∣0〉 = 0, ∀ω. (25)
We want to study the following time dependent situation: At initial times, called in, the
black hole is not present, the vacuum state is denoted
∣∣in〉 with corresponding modes aˆinω .
Then a black hole is created. At final times, called out, the vacuum state of the system
is
∣∣out〉 with corresponding modes aˆoutω . We are here interested in the time evolution of
the system from initial to final times starting from the vacuum state of the system
∣∣in〉.
The result of this time evolution can be described by a Bogoliubov transformation on
the classical modes or the quantum mode operators
Ψoutω =
∑
ω
(
αωω′Ψ
in
ω′ + βωω′Ψ
in∗
ω′
)
, (26)
aˆoutω =
∑
ω
(
α∗ωω′ aˆ
in
ω′ − β∗ωω′ aˆin†ω′
)
(27)
with the Bogoliubov coefficients αωω′ and βωω′ . For a static and continuous system
the frequency ω is conserved and the Bogoliubov coefficients are diagonal, e.g., βωω′ =
δω,ω′βω. The coefficients are related through |αω|2 − |βω|2 = 1. The particle content of
the state
∣∣out〉 in terms of the state ∣∣in〉 is related to the Bogoliubov coefficients through
〈in∣∣Nˆoutω ∣∣in〉 =∑
ω′
|βωω′ |2 = |βω|2. (28)
Therefore, it is nonvanishing if the time evolution from initial to final times mixes
positive and negative frequency modes. In particular, the production of Hawking
particles can be understood as the evolution of initial positive frequency modes into final
negative frequency modes. The Bogoliubov coefficients of the inverse transformation
have the same modulus as the ones of the forward transformation
Ψinω =
∑
ω
(
α∗ωω′Ψ
out
ω′ − βωω′Ψout∗ω′
)
, (29)
aˆinω =
∑
ω
(
αωω′ aˆ
out
ω′ − β∗ωω′ aˆout†ω′
)
. (30)
We will employ this relation to numerically determine the Bogoliubov coefficients for
the discrete case of ions on a ring.
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In the following we will briefly summarize the analytical calculation of the
Bogoliubov coefficients for a continuous system with a strictly linear dispersion relation.
One can decompose the field operator at late time into an upstream Ψˆ− and a
downstream Ψˆ+ part
Ψˆ = Ψˆ+ + Ψˆ−. (31)
The downstream part is not strongly affected by the black hole creation, hence the
particle creation in this part is negligible β+ω = 0. This assumes that the mixing between
upstream and downstream parts is small – otherwise we would have to include a grey-
body factor, cf. [2]. So Hawking radiation is created by the upstream part only. It can
further be decomposed into modes Ψ−ω,super inside the supersonic and Ψ
−
ω,sub inside the
subsonic region. The decomposition of the field operators is finally
Ψˆ− = Ψˆ−super + Ψˆ
−
sub, (32)
Ψˆ−super =
∫ ∞
0
dω
(
aˆ−ω,superΨ
−
ω,supere
−iωt +H.c.
)
, (33)
Ψˆ−sub =
∫ ∞
0
dω
(
aˆ−†ω,subΨ
−∗
ω,sube
−iωt +H.c.
)
. (34)
We have to find the regular in field after the horizon formation Ψ−ω,in, decompose it in
terms of the out modes
Ψ−ω,in (θ) = αωΨ
−
ω,sub (θ) + βωΨ
−
ω,super (θ) , (35)
and read off the Bogoliubov coefficients αω and βω. So in summary, we calculated the
time evolution of global upstream waves before the black hole creation into upstream
waves after the black hole creation on both sides of the horizon. In the lab frame the
resultant waves travel away from the horizon on both sides.
The interesting Bogoliubov coefficient βω is found to be
|βω|2 = 1
exp
(
~ω
kBTH
)
− 1
(36)
with the Hawking temperature TH (see Eq. (17)). We summarize these findings by
stating that Hawking radiation emitted after the creation of a black hole has a thermal
spectrum
〈in∣∣Nˆoutω ∣∣in〉 =∑
ω
1
exp
(
~ω
kBTH
)
− 1
. (37)
3.2. Scattering of Pulses
The derivation of Hawking radiation presented in the last Section 3.1 suggests calculating
the Bogoliubov coefficients from the time evolution of classical pulses scattering at the
black hole horizon. It is numerically advantageous to calculate the scattering process
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Figure 5. Schematical depiction of the dispersion relation for the scattering process
of a final negative frequency pulse from the black hole horizon. Negative/positive
frequency modes are depicted with solid/dashed lines. Upstream/downstream modes
are depicted in red/green. The situation at late times is presented in (a), at
intermediate times, when the pulse hits the horizon, in (b), and at early times in
(c). Part (d) shows the situation outside of the black hole for small ion velocities, for
which we observe the effect analogous to Bloch oscillations (see text).
backwards in time. In the following we will focus on the situation of a sublinar dispersion
relation in a continuum system as studied in [21].
The calculation starts from a pulse with negative frequencies and small positive
wavenumbers at late times. This pulse is moving upstream and is leftmoving in the
comoving as well as in the lab frame. We then calculate its history in time: It
approaches the horizon and is reflected by it. The reflected pulse mainly consists of
two early-time upstream pulses, one positive and one negative frequency pulse, at high
absolute wavenumbers. The positive/negative wavenumber pulse has negative/positive
frequencies in the comoving frame, i.e., both are upstream pulses. But they have such
a small group velocity - remember the sublinear dispersion relation (see 3) - that they
are dragged along with the ion background. So they are rightmoving in the lab frame,
while being leftmoving in the comoving frame. These pulses can be determined due to
frequency conservation for a static system in the lab frame. Note that the sign of the
frequency in the comoving frame determines the sign of the Klein-Gordon norm (see
Eq. (22)) and thus the notion of particles versus anti-particles. Therefore, the relation
between the late-time negative frequency and early-time positive frequency pulse is
important for the particle producing Hawking effect.
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Now, we will explain this mode conversion with the help of this frequency
conservation and the dependence of the dispersion relation on the local ion velocity.
The frequency in the lab frame is
ωlab = vk
L
2π
±D(k), (38)
i.e., it is the Doppler shifted dispersion in the comoving frame ωcom = ±D(k). In
Fig. 5 we depict the pulses at different times during the simulation (a-c) on the
dispersion relation in the stationary lab frame together with the initial pulse frequency
ω0. For comparison the interested reader can compare with Fig. 6 depicting the
pulses in real space. We are starting our discussion at late times (see Fig. 5(a))
with a single pulse, upstream and with negative frequency. Its negative group velocity
in the lab frame means that it is leftmoving in the lab frame. When the pulse is
approaching the black hole horizon backwards in time the ion velocity at the pulse
increases. In comparing Fig. 5(a) and Fig. 5(b) one can observe the blueshifting of
the pulse. When the pulse reaches the horizon, it is approximately at the minimum
of the dispersion relation (see Fig. 5(b)). Now the mode conversion occurs, which
is restricted by the frequency conservation in the stationary lab frame. Apart from
the late-time pulse, three pulses are in agreement with frequency conservation. One
pulse is moving downstream at low negative wavenumbers with negative frequencies.
Thus, in the lab frame it is a fast rightmoving pulse. The two other solutions are
at high absolute wavenumbers and are upstream, but slowly rightmoving in the lab
frame. The positive/negative frequency contribution of the upstream pulse is located
at positive/negative wavenumbers. Backwards in time all three pulses travel leftwards
away from the horizon (see Fig 5(c)). Note that in [21] the downstream pulse is not
observed in the actual dynamics.
From a comparison between the Klein-Gordon norms of the late-time negative
frequency pulse and the early-time positive frequency pulse the Bogoliubov coefficients
|βω|2 can be extracted. In the literature a different approach is chosen, with the
assumption that Hawking radiation is thermal, i.e. that the Bogoliubov coefficient
is given by Eq. (36), the Klein-Gordon norm 22 of the early-time pulse is calculated
from the late-time pulse. The Klein-Gordon norm of the early-time positive frequency
pulse is
N+ =
∫
N+k (t < 0)dk. (39)
It is compared with the prediction from the late-time pulse
N 0 =
∫ N 0k (t = 0)
exp
(
~ω
kTH
)
− 1
dk. (40)
Either the norms are compared in total or frequency-wise with the help of the expression
dk = dk
dω
dω, i.e. by division with the pulse velocities in the lab frame. One can compare
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the early-time positive frequency pulse
N˜+k =
Nk(t < 0)
vmin − ck (41)
with the prediction from the late-time negative frequency pulse
N˜ 0k =
Nk(t = 0)
vmin − ck
1
exp
(
~ωk
kBT
)
− 1
, (42)
and the prediction from the early-time negative frequency pulse
N˜−k =
Nk(t < 0)
vmin − ck exp
(
− ~ωk
kBT
)
. (43)
In [21] the thermal hypothesis is confirmed using both the integrated and the modewise
comparison.
In [18] a discretized hydrodynamic system is treated with the same method. On
a lattice the dispersion relation is naturally sublinear. Since the lattice is moving, the
frequency in the lab frame is not conserved anymore. It is shown numerically exact and
with analytical approximations (WKB theory) that the mechanism of mode conversion
described in [21] persists in this scenario. Even the Bogoliubov coefficients extracted
from the comparison of early-time and late-time modes agree with the predictions for a
continuum system with strictly linear dispersion relation (see Eq. (36)). The existence
of a downstream pulse is not reported in [18], too.
For a discrete and finite system with N particles on a system of size L a finite
number of wavenumbers exists
k ∈
{
−(N
′ − 2)π
L
,−(N
′ − 4)π
L
, . . . ,
N ′π
L
}
(44)
with the renormalized ion number
N ′ = N
(2π)/T
v
. (45)
N ′ appears because the local ion spacing is not L/N , but a(θ) = L/N ′ = L/N ·
v(θ)T/(2π) in the inhomogeneous system. This Brillouin zone is already visualized
in Fig. 5. In this system a symmetry under combined translations in space and time
survives,
i→ i+ 1 (46)
t→ t+ T/N (47)
(see Eq. (2)). In a homogeneous part of the system this symmetry implies that the
state of the system is invariant under the combined transformation
k → k + 2π
L
N ′n, (48)
ω → ω + 2π
T
Nn (49)
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for any integer n.
We use this transformation to explain an effect described in [18] analogous to
Bloch oscillations. The two high wavenumber solutions of the frequency conservation
condition can lie outside the Brillouin zone. Then we find the solutions by looking at the
frequencies ω0 ± 2πN/T , depicted in Fig. 5(d). Thus, the early-time pulses are instead
located on the downstream branch of the frequency condition. The positive/negative
frequency pulse is located at high positive/negative wavenumbers (see Fig. 5(d)).
3.3. Correlations
The Hawking effect produces pairs of particles propagating away from the horizon in
opposite directions, one outside the black hole (the Hawking particle), and one inside the
black hole (its infalling partner). Taking advantage of this, it has been proposed to detect
Hawking radiation via correlation measurements (see [6]), which reveal the entanglement
between the two Hawking partners. In [6] the density-density cross-correlation of
phonons on both sides of the horizon produced through the Hawking process in a sonic
black hole built up with a Bose-Einstein condensate (BEC) is studied [5]. In a quasi one-
dimensional weakly interacting BEC in the hydrodynamical approximation the sound
propagation is described by
L =
∫
dθ
K
2
[
(∂tΦ + v (θ) ∂θΦ)
2 − c2∂θΦ2
]
. (50)
This is manifestly the same as Eq. (19) apart from the actual form of the conformal
factor K, which if constant does not affect the dynamics appart from a rescaling of
the fields. So the propagation of phonons in a BEC, i.e. phase/density excitations,
and the propagation of phonons in a ring of ions, i.e. displacements of ions from their
equilibrium position, are described by the same physics, and therefore share similar
behaviors. Thus, the analysis performed in [6] can be translated into the context of ion
rings.
The general equal-time two-point correlator 〈Ψˆ(θ)Ψˆ(θ′)〉 in 1+1 dimensional space-
times is given by [27]
〈Ψˆ(θ)Ψˆ(θ′)〉 = − lim
t′→t
~
4π
log [(U(θ, t)− U(θ′, t′)) (V (θ, t)− V (θ′, t′))] . (51)
This is the stationary correlator of a massless minimally coupled quantum scalar field in
1 spatial dimension. It exhibits a characteristic structure with the logarithmic distance
between the two points as the difference between the null coordinates U and V [27]. The
meaning of the null coordinates is the following: the mode solution can always be written
in the form ∼ e−iωU for upstream modes and∼ e−iωV for downstream modes. The modes
propagating upstream (downstream) move along space-time trajectories that keep the
V (U) coordinates constant. For example, if the system is at rest and homogeneous,
the analog spacetime is the Minkowskii (flat) one, and the Kruskal coordinates reduces
to the familiar U = t + θ/c, V = t − θ/c [29], that define the standard light- (sound-)
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cones. If the system is more complicated (i.e. non-homogeneous or moving), the mode
propagation is different, and the associated null coordinates will display distortion.
Eq. (51) applies to all conformally invariant theories in 1+1 dimensional spacetimes
(which are always conformally flat). In the present case, the theory we are dealing with
is not conformally invariant for the presence of the conformal factor K in the action.
Nevertheless, assuming that K varies smoothly over the system, the correlator can be
approximated using Eq. (51) also in the present case by
〈Φˆ(θ)Φˆ(θ′)〉 = − lim
t′→t
~
4π
1√K(θ)K(θ′) log [(U(θ, t)− U(θ′, t′)) (V (θ, t)− V (θ′, t′))] ,
(52)
where the 1/
√K(θ)K(θ′) term follows from a rescaling of the field, and terms containing
derivatives of K are neglected.
Let us move to the evaluation of this correlator in the presence of Hawking radiation.
Since the modes responsible for the emission of Hawking radiation are the upstream
modes Ψˆ−, we will focus on the upstream sector of Eq. (51) only. The equal-time
two-point correlator in the presence of a black hole horizon is given by [27]
〈Φˆ−(θ)Φˆ−(θ′)〉 = − lim
t′→t
~
4π
1√K(θ)K(θ′) log (U(θ, t)− U(θ′, t′)) . (53)
The downstream part of the correlator remains unaffected even in the presence of a
horizon, i.e. V still reads t− θ/c. The only modes which get distorted by the presence
of the horizon are the upstream ones which become far away from the horizon [3, 28, 25]
U(θ, t)in/out = ±e−κ(t+
θ
c(θ)−v(θ)
) (54)
for the interior (+) and the exterior (-) region of the black hole. They suffer the
typical exponential distortion of the upstream modes due to the presence of a black
hole horizon [27, 3] (discarding transients). The exponential distortion follows from the
wave equation for a linearized velocity profile at the horizon. κ is the surface gravity
on the sonic horizon which is proportional to the Hawking temperature (see Eq. (17)).
It is worth emphasizing that the form of the modes (54) is universal for any black hole
horizon formation, independent of the details of its formation. This is the origin for the
universal behavior of Hawking radiation.
The momentum-momentum correlator 〈δpˆ−(θ)δpˆ−(θ′)〉 can be obtained from Eq.
(53). The conformal factor K must be replaced with the conformal factor from the
Lagrangian of ions on a ring (see Eq. (19)). With the relation
δpˆ− =
L
2π
m(∂t + v∂θ)Φˆ
− (55)
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one gets
〈δpˆ−(θ)δpˆ−(θ′)〉 = ~m
16π
1
[c (θ)− v (θ)] [c (θ′)− v (θ′)] ·√
c(θ)c(θ′)
n(θ)n(θ′)
κ2
cosh2
[
κ
2
(
θ
c(θ)−v(θ)
− θ′
c(θ′)−v(θ′)
)] . (56)
This correlator has the typical form associated to the Hawking effect. The correlations
are scaling with the square of the Hawking temperature. For θ and θ′ on opposite sides
of the sonic horizon, c (θ) − v (θ) and c (θ′) − v (θ′) have opposite sign. Therefore, the
momentum-momentum cross-correlations are negative. They exhibit a peculiar peak
along a straight line for θ = c(θ)−v(θ)
c(θ′)−v(θ′)
θ′ ∝ θ′. These cross-correlations correspond to the
two entangled Hawking particles propagating in opposite directions as they move apart
from the horizon.
4. Simulations for Ion Rings
We are now returning to the discussion of the discrete ion chain. In this section we are
presenting the results of our simulations and are comparing them with the predictions
and expectations from Sec. 3. We are pursuing two routes of simulations: First we
simulate the scattering of pulses on the black hole horizon in Sec. 4.1. From the result we
can deduce the Bogoliubov coefficients and theoretically confirm the thermal hypothesis
(see Sec. 3.2). A second series of simulations presented in Sec. 4.2 is analyzing the
emergence of correlations between the inside and the outside of a black hole after its
creation (see Sec. 3.3). These correlations demonstrate the pair creation mechanism of
Hawking radiation and are closely related to the emergence of entanglement between
the inside and the outside of a black hole. In contrast to the scattering analysis, these
simulations also act as direct proposal for an experiment as further discussed in Sec. 5.
4.1. Scattering of Pulses
Our numerical results for the propagation of a final pulse backwards in time in the
discrete system of phonons on an ion ring are presented in the following. We first
introduce the quantities necessary for this analysis. If the phononic excitations are
localized in the flat subsonic region with constant ion velocity vmin, the excitations δθi(t)
and δθ˙i(t) can be expressed as modes δθk(t) and δθ˙k(t) with wavenumber k, where the
dot represents the time derivative in the comoving frame. Due to the finite system size
only discrete wavenumbers appear (see Eqs. (44) and (45)) and thus the dispersion
relation is also discrete. The positive and negative frequency part of these excitations
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Figure 6. Ion displacement |δθi(t)/(2π)| during propagation backwards in time
starting from the final wavefunction in Eq. (61) with s = 5. One late-time pulse
and three (two of which overlapp) early-time pulses are present (see text). Two early-
time pulses have large absolute momenta (blue dashed lines), one early-time pulse has
small momentum (green straight lines). We use σvminT = 0.375 andN = 1000. For (a)
and (b) e2/4πǫ0 =
1.2591
2N
mL3
T 2
, for (c) and (d) e2/4πǫ0 =
2.0004
2N
mL3
T 2
(see Appendix B).
(a) and (c) use lab frame angles θ, (b) and (d) use ion indices i (see text for description
of scattering process.
are defined by
δθ±k (t) =
1
2
(
δθk(t)± iδθ˙k(t)/ωk
)
, (57)
δθ˙±k (t) =
1
2
(
δθ˙k(t)∓ iωkδθk(t)
)
. (58)
These relations follow from the spatial behavior δθ (θ) ∼ exp (ik θ
2pi
L
)
in regions of
constant ion velocity v (θ) = v [21]. The analysis of the particle production requires us
to use the Klein-Gordon norm for these modes. In our special case the Klein-Gordon
norm defined in Eq. (22) becomes up to a constant
N =
∑
k,±
Nk (59)
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Figure 7. Klein-Gordon norm Nk of the phonon pulses for propagation backwards
in time starting from the final wavefunction in Eq. (61) with s = 5. With a
comparison of these pulses we test the thermal hypothesis. We use σvminT = 2π ·0.375,
and N = 1000 (see Appendix B). The final negative frequency pulses are depicted
in green, the initial negative frequency pulses in blue (dash-dotted line), and the
initial positive frequency pulses in red (dashed line). We depict the discrete norm
distributions/dispersion relation as a continuous curve here. (a) Final (t = 0) and
initial (t = −0.67T ) norm distribution of δθk(t); e2/4πǫ0 = 1.2591/(2N) · mL3T−2.
(b) Final (t = 0) and initial (t = −0.51T ) norm distribution of δθk(t) showing Bloch
oscillation; e2/4πǫ0 = 2.0004/(2N) ·mL3T−2 [1].
with
N±k = δθ˙±∗k δθ±k − δθ±∗k δθ˙±k . (60)
We are now describing the numerical calculation of the Bogoliubov coefficients with the
method presented in Sec. 3.2. In summary, we are calculating the history of a negative
frequency pulse on the upstream branch of the dispersion relation that travels away
from the horizon. Back in time it scatters off the horizon and originates from several
pulses. The early-time positive frequency pulse and the late-time negative frequency
pulse are related through the Bogoliubov coefficients.
We start from the final pulses
δθsk (0) = k · e−(
k−2pis
40pi )
2
, s = 1, . . . , 20, (61)
centered at different wavenumbers k to test different frequency ranges. We calculate
its history with Newton’s equations of motion given in Appendix C (see Eq. (C.1)) by
using an iterative differential equation solver. From frequency conservation in the lab
frame we expect three pulses on the upstream branch of the dispersion relation [21, 18]
(see Sec. 3.2).
Before coming to the simulation results, we will discuss the parameter regime used
in this section. The ratio between the typical pulse frequency ω in the comoving
frame and the Hawking temperature is of order ~ω/kBTH ∼ 10 (see also Fig. 4).
In [30] the deviations from thermality have been examined based on the quantity
ωmax = maxk>0 (D(k)− vkL/2π). Here ωmax takes the following values: ωmax = 290/T
for nearest-neighbor interactions only (Fig. 8a), ωmax = 610/T for full Coulomb
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interactions (Fig. 8b). The surface gravity for the former case is κ = 65/T , for the
latter κ = 82/T (see Fig. 4), thus the ratios are ωmax/κ = 4.5 and ωmax/κ = 7.4.
This regime is identified as the regime of small deviations from thermality in [30]. This
prediction applies to systems with nearest-neighbor interactions only. One of the main
results of our paper is to consider also the long range Coulomb interactions for which
the deviations from a linear dispersion relation at small wavenumbers are significant in
a finite system.
Our results agree mainly with those of references [21, 18] as shown in Fig. 7.
First, we observe quantitative devisions, whose order of magnitude agrees with the
uncertainties in calculating the Hawking temperature. Second, we find a previously
undescribed downstream pulse at small negative frequencies. But before discussing the
detailed analysis of the scattering process, we will repeat the description of the mode
conversion from Sec. 3.2, but this time illustrated in real space with the simulation
results from the special case of the ion ring (see Fig. 6).
We begin with the normal scenario of sufficiently large ion velocities (see Figs.
6(a)-(b) and 7(a)). We observe all three early-time pulses which are in agreement with
frequency conservation. Two pulses are located on the upstream branch at high absolute
wavenumbers (red and blue lines in Fig. 7(a)). But at these wavenumbers they have
such a small group velocity in the comoving frame that they are moving rightwards in
the lab frame (blue dashed lines in Figs. 6(a)-(b)). A third pulse is located on the
downstream branch of the dispersion relation at small negative wavenumbers (blue line
in Fig. 7(a)). Its group velocity is large both in the comoving frame and in the lab
frame. This time evolution is depicted in Fig. 6(a) in the lab frame and in Fig. 6(b)
in the comoving frame. The two upstream and the one downstream pulse can clearly
be identified in the comoving frame. In the lab frame the downstream pulse is quickly
moving rightwards, the two upstream pulses are slowly moving rightwards.
A different situation arises for sufficiently small ion velocities (see Figs. 6(c)-(d)
and 7(b)). In this case, all three early-time pulses are moving downstream. This time
evolution is depicted in Fig. 6(c) in the lab frame and in Fig. 6(d) in the comoving
frame. In the comoving frame we can now observe the three downstream pulses, one
fast pulse which is the one at low wavenumbers (green lines) and the two interesting
slow pulses (red dashed lines) which are still located at high absolute wavenumbers. In
the lab frame the two pulses at high absolute wavenumbers are travelling faster than in
the normal case.
The spectral analysis in Fig. 7 confirms these explanations. We find the two
previously mentioned high wavenumber pulses. For small ion velocities the effect
analogous to Bloch oscillations is observed. Then the main incoming pulses have
wavenumbers with opposite signs. In addition we observe the weak downstream pulse
with small negative wavenumbers that is not described in the literature. We find that
its magnitude depends on the strongly on how the fringes of the pulse in outside the flat
subsonic region are treated. Therefore we suggest that the presence of this pulse could
be a consequence of the finite initial and final excitation probability of ions outside the
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Figure 8. Comparison of spectrally resolved Klein-Gordon norms N˜ 0k (late-time
negative frequency pulse) at t = 0 with N˜+k (early-time positive frequency pulse)
and N˜−k (early-time negative frequency pulse) (see Sec. 3.2) as a function of the lab
frame frequencies at t = −2T after propagation backwards in time starting from the
final wavefunction in Eq. (61) with s = 5. We use σvminT = 0.375, N = 1000. (a)
Nearest-neighbor interactions at t = −2T with e2/4πǫ0 = 12N mL
3
T 2
; (b) Full Coulomb
interactions at t = −0.75T with e2/4πǫ0 = 12N mL
3
T 2
(see Appendix B).
flat subsonic region.
We further compare the Klein-Gordon norm of the positive frequency early-time
pulse with the prediction for thermal radiation (see Sec. 3.2 and [21, 18]). We calculate
the Hawking temperature according to Eq. (18). If only nearest-neighbor Coulomb
interactions are considered, the relative difference between these norms is lower than
ǫ = 0.01 for N = 1000 ions. For the long range Coulomb interactions a conservative
estimate yields ǫ ≤ 0.2. The latter result holds for any arbitrary choice for the Hawking
temperature at the wavenumbers k = 2π/L4˙ . . . 6. The bound on ǫ agrees with the
differences between analysis based on the group and the phase velocity of the phonons
(see Sec. 2.2 and Eq. (10)).
We also perform the analogous spectrally dissolved comparison (see Sec. 3.2 and
[21]), comparing the early-time positive frequency pulse with the prediction based on
the thermal hypothesis. Only discrete frequencies appear in the system because only
discrete wavenumbers are present. Therefore, it is in general not possible to exactly
match the frequencies of the pulses. Especially, we cannot perform a thermal fit. Thus,
we look at the two frequencies in the early-time pulses closest to the frequencies in
the late-time pulse. We compare the early-time positive frequency pulse N˜+k with the
predictions for it based on the late-time negative frequency pulse N˜ 0k and based on the
early-time negative frequency pulse N˜−k (see (41)-(43)). The result of this analysis is
shown in Fig. 8(a) for nearest-neighbor interactions and in Fig. 8(b) for full Coulomb
interactions. For this analysis we choose the Hawking temperature at k = 2π/L · 5
(see Eq. (18)), but similar results are obtained for the adjacent wavenumbers). This
analysis again confirms the thermal hypothesis to the extend possible. The accuracy of
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Figure 9. Momentum-momentum correlations Cij(t) at time t = 0.5T with real space
lab frame positions. Starting from homogeneously spaced ions with temperature T0 = 0
a black hole region is created in the small time interval τ = 0.05T . The dashed lines
point to the signature corresponding to the emission of pairs of Hawking phonons. We
consider N = 1000 ions, and σvminT = 2π · 0.25. (a) Nearest-neighbor interactions
with e2/4πǫ0 =
1.127
2N
mL3
T 2
; (b) Full Coulomb interactions with e2/4πǫ0 =
0.2453
2N
mL3
T 2
[1]
(see Appendix B.
our analysis is restricted by the discreteness of the system and the nonlinearity of the
dispersion relation at small wavenumbers.
We summarize the findings of this section: Hawking radiation with a thermal
spectrum is emitted from a black hole horizon on an ion ring, even for a finite system
with a logarithmically diverging group velocity at low wavenumbers due to long range
interactions (see Fig. 3).
4.2. Correlations
For an experimental proof of Hawking radiation on ion rings, we propose to observe the
emission of Hawking radiation following the creation of a black hole horizon (see Sec. 5).
We propose to measure the emitted phonons or the emerging correlations between the
subsonic and the supersonic region (see [6]). The latter is discussed in Sec. 3.3, in this
section we are presenting simulation results for ion rings on the emerging correlations.
We compare our results to the analytical findings for a continuum system with linear
dispersion relation derived in Eq. (56) [6]. In the quantum regime the emergent cross-
correlations display the generation of entanglement. We study its properties, especially
to analyze the crossover from the quantum to the classical Hawking effect.
4.2.1. Discrete System We propose the experiment to start from the ground/thermal
state of the excitation around homogeneously spaced ions at rest with temperature
T0. Then the system is accelerated with a constant force which does not change the
quantum state of the system defined relative to the equilibrium positions. Subsequently,
a supersonic region is created in the small time interval τ . This is done by reducing
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the subsonic fluid velocity vmin in a Gaussian way, while leaving the average rotation
velocity constant (see Appendix B and Eq. (B.2)). We reduce excitations created at the
white hole horizon at θ/2π ≈ 1−σvminT by a wider transition region at this horizon. In
an experiment the magnitude and velocity of these excitations can be watched through
careful measurements.
We are analyzing the momentum-momentum correlations
Cij = 〈δpˆiδpˆj〉 · T/(~m). (62)
In the continuum limit these momenta correspond to the time derivative of the scalar
field Φˆ
δpˆi ∼ (∂t + v(θ)∂θ) Φˆ(θ, t). (63)
The dynamics of the momentum-momentum correlations are given by the dynamics
of the covariance matrix (see Eq. (C.3)). In Sec. 5.1 we are explaining how these
correlations Cij can be measured in an experiment.
Fig. 9 shows the simulation results for Cij . It displays a fixed time after the black
hole formation starting from the ground state, i.e., T0 = 0. Correlations between the
inside and the outside of the black hole are created close to the black hole horizon and are
moving away from it as expected. As stated earlier these correlations correspond to the
pairs of Hawking particles. We interpret their pure existence as a signature for Hawking
radiation. Fig. 9(a) shows the simulation for interactions between neighboring ions
only, Fig. 9(b) for long range Coulomb interactions. The correlations behave similarly
in both cases (see discussion below). They can still be observed for initial temperatures
two orders of magnitude above the Hawking temperature [6] as shown in Fig. 10. In
Sec. 4.2.3 we find that the Hawking effect is still quantum at such initial temperatures
(see Fig. 14). In contrast to the entanglement, the cross-correlations actually remain
present at arbitrarily large initial temperatures [26] (note Γ ∝ T0 for kBT0 ≫ ~ωk, see
Eq. (C.8)).
The most significant correlation signal (i), i.e. the line of negative cross-correlations,
demonstrates a basic property of Hawking radiation, it corresponds to two upstream
phonons, one inside and one outside the black hole. An additional correlation feature
(ii) is fully inside the black hole, corresponding to a pair of upstream and downstream
phonons inside the black hole. The features (i) and (ii) have already been reported for
analog black holes in a BEC (see [6]). The propagation velocity of these correlations
c(θ) ± v(θ) depends on the group velocity, i.e. the dispersion relation, and the ion
velocity. The angle of the cross-correlation signature (i) is determined by the ratio of
the phonon velocities inside and outside of the black hole (c(θ)− v(θ)) / (c(θ′)− v(θ′)).
The dashed lines in Fig. 9 show the predictions for the direction of the cross-correlation
signal (see Sec. 3.3).
In contrast to Fig. 9(a), which is very similar to black hole analogues in a BEC
[6], the correlation plot for full Coulomb interactions in Fig. 9(b) displays a more
complicated structure. The cross-correlation signal, is broader and there are additional
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Figure 10. Momentum-momentum correlations Cij(t) for initial temperature T0 =
102TH at time t = 0.5T with real space lab frame positions. We considerN = 1000 ions,
σvminT = 2π · 0.25, e2/4πǫ0 = 0.24532N mL
3
T 2
, and τ = 0.05T . Full Coulomb interactions
are considered (compare with Fig. 9).
lines of oscillating correlations. With higher resolution and/or for larger Hawking
temperatures these effects can also be observed for nearest-neighbor interactions. We
attribute these changes to the more complicated and sublinear dispersion relation.
Even though the precise determination of the correlations for a nonlinear dispersion
relation is a rather complicated issue (see, e.g., [31]), we may obtain a qualitative
understanding by means of the following simple picture. Since group and phase velocity
nearly coincide at small wavenumbers, the correlations are created near the horizon as
a nice 1/ cosh2-pulse as in the case of a linear dispersion relation (see Eq. (56)).
However, as this pulse propagates away from the horizon, the non-linear dispersion
relation deforms it. For a fixed t′, θ′, the two-point function 〈δpˆ(t, θ)δpˆ(t′, θ′)〉 obeys the
same wave equation as δpˆ(t, θ) itself. In a homogeneous region of a stationary spacetime
this is the same as for the field Ψ (see Eq. (20)).{
[∂t + ∂θv] [∂t + v∂θ]− [iD (−i∂θ)]2
} 〈δpˆ(t, θ)δpˆ(t′, θ′)〉 = 0. (64)
Since modes with larger k propagate slower than those with smaller k, a pulse with
an initial 1/ cosh2-shape will be deformed during the time evolution similar to Fig. 11.
The main pulse (global maximum) becomes broader and oscillations develop, trailing
the main pulse (local minima and maxima), which are caused by the slower modes with
short wavelengths. This deformation applies to the outgoing Hawking radiation and the
infalling partners in the same way as both are moving upstream. In a finite system the
deviations from a linear dispersion are significantly larger for full Coulomb interactions
than for nearest-neighbor interactions. As a result, this simple picture explains the
difference between Figs. 9(a) and 9(b).
4.2.2. Comparison with Continuum System In Sec. 3.3 we have calculated and
analyzed the cross-correlation signal for a continuum system with strictly linear
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Figure 11. Schematic depiction of the pulse propagation on an ion ring. The left
graph depicts an initial Gaussian pulse profile, the right graph the dispersed pulse
after time t. Trails of oscillations are following the dispersed pulse.
dispersion relation. We observe these correlations also for our discrete system with
sublinear dispersion relation as shown in Fig. 9. In this Section we are quantitatively
comparing the simulation results for ion rings with the analytical results for a continuous
system, focussing on the peak magnitude of the cross-correlations (see Eq. (56)).
We perform this comparison for varying Hawking temperatures. It is tuned by
changing the widths of the horizon region γ1 (see Eq. (B.1)) keeping constant the other
parameters. The comparison is shown for nearest-neighbor interactions in Fig. 12(a)
and for full Coulomb interactions in Fig. 12(b), where the dots represent the simulated
peak magnitude for the ion ring and the curve represents the analytic peak magnitude
for the continuum system with a linear dispersion relation.
For nearest-neighbor interactions, the results agree very well at small Hawking
temperatures; for full Coulomb interactions, the agreement is quite good at moderate
Hawking temperatures. The deviation at large Hawking temperatures is caused by the
discreteness of the system. For large Hawking temperatures the horizon region, which
almost completely determines the properties of Hawking radiation, is small and contains
only a few particles. Then the discreteness of the system becomes relevant. In the limit
of very large Hawking temperatures the peak height should mainly depend on the lattice
spacing [26].
4.2.3. Entanglement Generation In this section we are discussing the creation of
entanglement between the inside and the outside of a black hole following its creation.
Entanglement is unique to quantum processes. Therefore, the existence of entanglement
proves that one can observe the quantum version of the Hawking effect with our
proposal. In contrast, correlations between the inside and the outside of the black
hole are present both for initial thermal states T0 ≫ TH in the classical regime and for
initial quantum states T0 = 0 [26]. So we analyze the crossover between classical and
quantum Hawking radiation (stimulated versus spontaneous emission). Furthermore,
our analysis emphasizes the importance we assigned to the cross-correlations. The
emerging entanglement can be measured on two routes, either by measuring the
covariance matrix through a measurement of correlation in the ion displacements (see
Sec. 5.1) or by swapping the entanglement from the motional to the internal degrees of
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Figure 12. Peak Height Cij(t) of the cross-correlation signature in the momentum-
momentum correlations (see Fig. 9) as a function of the Hawking temperature TH. The
dots are simulation results for a discrete system with nearest-neighbor interactions only,
N = 1000 ions, σvminT = 2π·0.25, and τ = 0.05T . γ1 is varied to get different Hawking
temperatures TH. h = 2π~ is Planck’s constant. (a) Nearest-neighbor interactions
with e2/4πǫ0 =
1.127
2N
mL3
T 2
and 0.003¯ < γ1 < 0.1; (b) Full Coulomb interactions with
e2/4πǫ0 =
0.2453
2N
mL3
T 2
, and 0.005 < γ1 < 0.1 (see Appendix B.
freedom of the ions [32].
We are now briefly introducing the relevant entanglement measures before we
present numerical results for the ion system. The covariance matrix Γ (see Eq. (8))
can be calculated (see Appendix C) and measured (see Sec. 5) for the ion system in
harmonic approximation (see Eq. (5)). It gives access to two entanglement measures:
the entropy of entanglement and the logarithmic negativity.
We consider a system with density matrix ρ divided into subsystems A and B. The
entropy of entanglement is defined for a bipartite pure state. It is the Von-Neumann
entropy of the reduced density matrix ρA of one subsystem A [33]
S(ρ) = −tr (ρA log2 ρA) . (65)
The state ρ is a product state for S(ρ) = 0. As an entanglement measure S
cannot increase under local operations and classical communications (LOCC). For
pure Gaussian states S(ρ) can efficiently be calculated from the covariance matrix Γ
[34, 35, 36]. It is given by
S(Γ) =
N∑
n=1
(
λ2n log2 λ
2
n − (λ2n − 1) log2
(
λ2n − 1
))
(66)
with the symplectic eigenvalues λn, n = 1, . . . , N of the covariance matrix Γ. They are
the eigenvalues of iσΓ with the symplectic matrix
σ =
N⊕
n=1
(
0 1
−1 0
)
, (67)
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Figure 13. (a) Time evolution of the entropy of entanglement S(Γ) for different
Hawking temperatures TH with full Coulomb interactions (same parameters as Fig.
12(b)). (b) Rate of increase of the entropy of entanglement dS(Γ)/dt as a function
of the Hawking temperature TH. Full Coulomb interactions (red dashed line, same
parameters as Fig. 12(b)), and nearest-neighbor interactions (black straight line, same
parameters as Fig. 12(a)). The linear increase in entanglement is caused by the
constant emission of entangled Hawking phonons.
which exchanges position and momentum of each mode.
We can also use the logarithmic negativity, which is an entanglement monotone,
i.e., it does not decrease under LOCC [34]. In contrast to the entropy of entanglement,
the logarithmic negativity can be calculated efficiently from the covariance matrix even
for mixed states. It is defined as the logarithm of the trace-norm of the partial transpose
of the density matrix
N(ρ) = log2‖ρTa‖ (68)
with ‖M‖ =
√
M †M . The covariance matrix ΓTa of the partial transpose of ρ, i.e., ρTa ,
follows from the covariance matrix Γ of ρ by multiplying with −1 all matrix entries of
Γ which contain exactly one momentum operator of subsystem A. Let λ˜k, k = 1, . . . , N
denote the symplectic spectrum of ΓTa . Then the logarithmic negativity is
N(Γ) = −
N∑
n=1
2λ˜n<1
log2
(
2λ˜n
)
. (69)
A vanishing logarithmic negativity does not mean that the system is not entangled, but
it means that such systems cannot be purified to maximally entangled states.
Now, we analyze the entanglement properties for black holes on ion rings. Using
the entropy of entanglement we study how the entanglement is generated between the
inside and the outside of a black hole starting from the ground state (T0 = 0) at initial
times. The entropy of a black hole is more fundamental than the logarithmic negativity,
but it is only defined for pure states. Thus, we have to compare the whole supersonic
with the whole subsonic region. On a ring this means that one cannot determine at
which horizon the entanglement is created.
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Figure 14. Time evolution of the logarithmic negativity N of a region with 0.2N ions
(N = 1000) adjacent to the horizon for different initial temperatures T0. The linear
increase in entanglement is caused by the constant emission of entangled Hawking
phonons. Full Coulomb interactions considered (same parameters as Fig. 9(b)).
In Fig. 13(a) we find a linear increase of the entropy of entanglement in time after
an initial period (t ∼ 0.2T in our case). This linear increase corresponds to the constant
emission of Hawking radiation from a black hole. We have plotted the rate of this
increase in Fig. 13(b). We find for nearest-neighbor interactions a linear dependence
of the entropy of entanglement on the Hawking temperature of the black hole. For full
Coulomb interactions we find a similar behavior.
The logarithmic negativity gives access to the entanglement developing for systems
with finite initial temperatures T0 > 0. The entanglement between two small regions
adjacent to the black hole is presented in Fig. 14. The initial entanglement between
the regions depends on the system temperature: For quantum systems at T0 = 0
entanglement is present, for classical systems T0 → ∞ it cannot be detected. The
entanglement is increasing linearly in time for sufficiently small T0. This behavior is
already described above for the entropy of entanglement (see Fig. 13(a)).
However, the logarithmic negativity allows further observations. For initial
temperatures T0 more than two orders of magnitude above the Hawking temperature
TH, no entanglement generation is visible in the logarithmic negativity. In contrast,
the cross-correlation signal remains present for arbitrarily high initial temperatures.
We observe here the transition from the quantum to the classical Hawking effect. We
can conclude that for the initial temperatures T0 < T
c
0 ≈ 100TH (N = 1000) the
observed Hawking effect is quantum, whereas one would naively expect this transition
at T c0 ≈ TH. T c0/TH is increasing with the number of ions, taking, for example, N = 100
ions and e2/4πǫ0 = 0.6/(2N) · (mL3)/T 2) we find T c0 ≈ 24TH. T c0/TH is approximately
proportional to the largest mode frequency of the system, which is sublinear in in N .
This might be understood with the following argument: As described in Sec. 3.2
Hawking radiation emerges from large wavenumbers before being emitted at small
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wavenumbers. The frequency related to these large wavenumbers is about N -times
(number of ions) higher than the smallest frequency in the system. Along this line, the
Hawking effect remains quantum for initial temperatures comparable to these highest
frequencies of the system at large wavenumbers.
In Fig. 14 a saturation in the logarithmic negativity at later times is observed.
This is in agreement with the fact that Hawking radiation is constantly emitted. After
fully penetrating the small regions adjacent to the horizon, no additional entanglement
can develop between these regions.
5. Experimental Realization
So far we have studied the appearance of Hawking radiation on ion rings. We have
demonstrated that the emitted radiation has a thermal spectrum with a geometrically
justified Hawking temperature (see Sec. 4.1), and that it is created in pairs (see Sec.
4.2). We complete our analysis in this section by describing an experimental setup which
will allow for the observation of Hawking radiation on an ion ring.
First, we present a suitable parameter regime for an experiment. The main
condition on the experimental parameters is that the ion velocity must be approximately
equal to the phonon velocity. This condition leads to the requirement e2/4πǫ0 ≈
0.25/ (2N)mL3/T 2. For N = 1000 singly charged 9Be ions with an average spacing
of L/N = 2µm the rotation frequency of the ions would be ωrot = 2π × 120kHz. ωrot
represents the smallest mode frequency of the system. For vmin = (2π × 0.83¯)/T , γ1 =
0.02, and σvminT = 2π ·0.25 the Hawking temperature is kBTH/~ ≈ 5/T ≈ 2π×95kHz.
If the initial temperature is two orders of magnitude above the Hawking temperature
T0 . 100TH, we show explicitly in Sec. 4.2.1 that the cross-correlation signature of
Hawking radiation remains present (see Fig. 10) and we find in Sec. 4.2.3 that the
Hawking radiation remains a quantum effect. Thus, it is not necessary to perform
ground state cooling of all vibrational modes of the ions in an experiment.
Note that it has been demonstrated long ago how to trap ions in quadrupole ring
traps [22] and measure their arrangement [23]. The ideas of these experiments can be
combined with modern cooling techniques applied to ions in linear Paul traps or in
surface traps [37, 38]. Thus, the proposed experiment will allow to measure signatures
of Hawking radiation for acoustic black holes with parameters and temperatures which
can be reached in current experiments.
The general idea of the actual measurement process is the following. The Hawking
effect is encoded in the motional degrees of freedom of the ions, which are described
in this paper with the ion displacements δθi and can be viewed as phonic modes. A
different degree of freedom for ions is their internal state, here we address two hyperfine
states of the ions. Lasers couple the motional degrees of freedom to the two relevant
internal states. In this way, the information on the Hawking effect is transfered to the
internal states. The occupation of the internal states can be read out by fluorescence
imaging.
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In Sec. 5.1 we first propose a measurement sequence for the cross-correlation
signature. Then we discuss a proposal to directly measure the Hawking phonons in
Sec. 5.2. The proposal in Sec. 5.1 allows to determine any part of the covariance
matrix (see Eq. (8)). Thus, it can be used to determine the emerging entanglement
between the inside and the outside of the black hole (see Sec. 4.2.3). Note that it has
been proposed earlier how to detect entanglement in the motional degrees of ions [32].
The basic mechanism of all proposals is the coupling of the ion displacements to their
internal levels with lasers.
5.1. Measurement of Ion Displacements
In this section we discuss how the cross-correlation signal analyzed in Sec. 4.2.1 can be
detected in an experiment. We propose to measure correlations in the ion displacements
by coupling the motional degrees of freedom of the ions to their internal states.
First, we explain how to relate the momentum-momentum correlations we discussed
(see Eq. (62)) to experimentally accessible correlations in the ion displacement and
analyze how accurately the latter should be measured. To this aim we rewrite Eq. (55)
for a continuum system in a region of constant flow as
δpˆ(θ) =
L
2π
mc(θ)n(θ)
∂θΦˆ(θ, t)
n(θ)
. (70)
We can thus measure the momentum-momentum correlations by spatial derivatives of
the ion displacements〈(
δθˆi − δθˆi+∆
)(
δθˆj − δθˆj+∆
)〉
=
(
2π
mL
)2
∆2
ninjcicj
〈δpˆiδpˆj〉. (71)
The analysis shown in Fig. 12(b) confirms that we can use Eq. (56) to get the order
of magnitude of the momentum-momentum correlations for a finite ion ring. Thus, we
can estimate the magnitude of the cross-correlation signal as〈(
δθˆi − δθˆi+∆
)(
δθˆj − δθˆj+∆
)〉
≈
(
2π
L
)2
~T
m
π3∆2
N3
(kBTH/~)
2
(ci − vi)(cj − vj) , (72)
where we used ni ≈ nj ≈ N/(2π) and ci ≈ cj ≈ (2π)/T . Therefore, the angle-angle
correlations must be detected in an experiment with the accuracy
ǫ := ∆〈δθˆiδθˆj〉 =
(
2π
L
)2
~T
m
π3∆2
4N3
(kBTH/~)
2
(ci − vi)(cj − vj) . (73)
In the following we are describing a setup to detect the angle-angle correlations of the
ions with sufficient accuracy. We propose to illuminate the ion ring at two positions.
The lasers should be focussed on one ion inside the supersonic and one ion inside the
subsonic region on the ring. At each position a laser beam couples two internal levels
∣∣g〉
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and
∣∣e〉 of the ions with the transition energy ωI . The lasers should fullfill the resonance
conditions
ω = ωI + kv
L
2π
(74)
for their frequencies and wavenumbers, which takes into account the Doppler shift kv.
The ion traverses the pulse beam in the time T/N which is much shorter than the
time scale T = 2π/ωrot of phonons at small wavenumbers. Thus, we can neglect the
ion motion for the further analysis. After going to the frame rotating with ω0 and
applying the rotating wave approximation the dipolar coupling Hamiltonian [40] of one
illuminated ion becomes
Hdip = ~Ω
(
σ+e
ikL
2pi
δθˆ +H.c.
)
, (75)
where Ω is the Rabi frequency of the laser transition. Note that the ions remain in the
Lamb-Dicke limit √
~
mNωrot
k ≪ 2π (76)
during the experiment, i.e. kLδθˆ ≪ 4π2.
We propose to prepare the internal state of each ion in the superposition (
∣∣g〉 +∣∣e〉)/√2 before the experiment. After the creation of the black hole and the illumination
with the lasers the probability that the two measured ions are in the states
∣∣gg〉 or ∣∣ee〉
P
(
δθˆ1, δθˆ2
)
=
1
2
+
(
L
2π
)2
sin2 (2Ωt)
k2
2
〈δθˆ1δθˆ2〉 (77)
is measured through a repetition of the experiment. We propose to use the Rabi
frequency 2Ωt = π/2. If the measurement is repeated M times, the standard deviation
of the average number of binomially distributed events P is
∆P =
√
P (1− P )
M
≈ 1
2
√
M
. (78)
It should be smaller than the required accuracy of the signal size and thus
M >
(
2π
L
)4
k−4ǫ−2 ≈
(mωrot
~k
)2 [ 2N3
∆2π4
(ci − vi)(cj − vj)
(kBTH/~)2
]2
(79)
measurements are necessary.
We are now calculating M for the example of N = 1000 9Be ions, discussed
in the beginning of this Sec. 5. We propose to use the λ = 313nm transition in
9Be [39]. We have checked that the cross-correlations remain clearly visible for the
resolution ∆ = 50 (see Fig. 15). In this case M > 1.1 · 105 measurements are required.
This basic measurement proposal can certainly be improved by employing additional
techniques, e.g., using interferences with additional lasers. But we do not propose further
experimental setups here, since these should be adapted to specific implementations of
our proposal.
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Figure 15. Correlations 〈(δθˆi − δθˆi+50)(δθˆj − δθˆj+50)〉 · m/(~T ) · L2/(2π)2 at time
t = 0.6T with real space lab frame positions. These correlations are analougous to the
momentum-momentum correlations shown in Fig. 9b. We consider N = 1000 ions,
σvminT = 2π · 0.25, e2/4πǫ0 = 0.24532N mL
3
T 2
, and τ = 0.05T . Full Coulomb interactions
are considered.
The accuracy of the classical equilibrium positions of the ions must satisfy |∆θ0i |2 <√
ǫ, such that it does not influence the cross-correlation signal. Inaccurate equilibrium
positions can be caused by inaccurate external forces (see Appendix A) during the black
hole formation. Assuming that the external force is F˜i(t) = (1+ γ)Fi(t) (see Eq. (A.3))
with γ ≪ 1, the deviation in the classical positions fullfills the equation
L
2π
m
d2∆θi
dt2
= γFi(t). (80)
Integrating Eg. 80, we can estimate
|∆θi|
γ
<
∣∣∣∣θ0i (τ)− θ0i (0)− dθ0i (0)dt τ
∣∣∣∣ + τ 22 2πL |F ci |m
≈ |σvminT − 2πσ|+ τ
2
2
2π
L
e2
4πǫ0m
N2
L2
(vmax − vmin)π
2
6
(81)
For τ = 0.05T we get |∆θi| < 2π · 0.25γ, thus the accuracy γ < √ǫ/(2π · 0.25) ≈ 5 · 10−6
is required for the external forces.
5.2. Measurement of Hawking Phonons
The measurement scheme described in the previous section requires the accurate control
of the ion acceleration during the creation of the black hole (see Eq. (81)). Here we
propose a scheme to avoid this difficulty (see also [41]). If the number of ions in the
supersonic region (1−2σ)N is small, the displacement of the ions due to the creation of
the black hole will be small compared to the equilibrium motion of the ions. Then the
creation of the black hole is adiabatic. In this case the measurement of cross-correlations
is not possible. Instead, we describe in this subsection how to directly measure the
emitted Hawking phonons outside of the black hole.
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The following setup is studied: After the black hole formation in the small time
interval τ , Hawking phonons are emitted at the black hole horizon. We propose to detect
these phonons by coupling the oscillation of the ions to their internal state with a laser.
The laser drives a transition between two internal states
∣∣a〉 and ∣∣b〉 of the ions, which are
prepared in the state
∣∣a〉. It illuminates N˜ ions outside of the black hole and is following
the motion of these ions for the time interval tm. Since tm determines the spectral
width of the laser, it must be large compared to the inverse Hawking temperature
tm ≫ ~/(kBTH). The laser frequency ω should fullfill the resonance condition
ω = ωI + ωp0 + kv
L
2π
, (82)
which takes into account the transition frequency of the ions ωI , the Doppler shift kv,
and the relevant phonon frequency ωp0. After going to the frame rotating with ωI and
ωp0 and applying the rotating wave approximation the dipolar coupling Hamiltonian
[40] in the Lamb-Dicke limit (see Eq. (76)) becomes
Hdip =
∑
j,p
(
~Ωp
2
σ+j ape
i(p+k)Lj/N +H.c.
)
+
∑
p
~ (ωp − ωp0) a†pap, (83)
where the sums extend over the illuminated ions j and the relevant phonon modes p. k
denotes the wavenumber of the laser and
Ωp = −iΩk
√
2~
mωp
(84)
are the effective Rabi frequencies with the bare Rabi frequency Ω. We describe here
the coupling of the phonon modes to a sideband transition. In the limit of a laser
pulse with small spectral width N˜ ≪ Ntm/T we can introduce the spin Σ = N˜/2
operator Σ+ =
∑
j exp (−ikLj/N) σ+j /2 and transform it into a bosonic field b† with
the Holstein-Primakoff transformation
Σ+ = b†
√
2Σ− b†b ≈ b†
√
N˜ (85)
For 〈b†b〉 ≈ 〈a†pap〉 . kBTH/(~ωrot) ≪ N˜ (see Eq. (87)), we can use Σ+ ∼
√
N˜b†. The
expectation value 〈b†b〉 gives the number of ions in the state ∣∣b〉. So the coupling of the
relevant phonon modes to the illuminated ions can be described by the Hamiltonian
Hdip = ~
√
N˜
∑
p
(
Ωpb
†ap +H.c.
)
+
∑
p
~(ωp − ωp0)a†pap. (86)
The number of excited ions after their illumination is
〈b†b〉tM =
∑
p
|Ωp|2∑
q |Ωq|2
sin2
√∑
q
|Ωq|2tm
 〈a†pap〉0 (87)
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with the assumption of large Rabi frequencies
√
N˜Ωp0 ≫ ωp0. Thus, the number of
excited ions in state
∣∣b〉 is proportional to the number of phonons around the mode ωp0.
The standard deviation of the phonon number measurement is approximately
σm ≈
√
〈(∆b†b)2〉tm
M
≈ 〈∆b
†b〉tm√
M
.
kBTH
~ωrot
√
M
. (88)
Now, we are presenting an example that satisfies the requirements of this
measurement proposal. We consider N = 105 singly charged 9Be ions with ion
spacing L/N = 2µm and average rotation frequency ωrot = 2π × 1.2kHz (e2/4πǫ0 ≈
0.7/ (2N)mL3/T 2). The black hole region contains (1 − 2σ)N = 0.007N and the
horizon region 2γ1N = 0.004N ions. The angular velocity in the subsonic region is
vmin = 2π × 0.99/T and in the supersonic region vmax = 2π × 2.4/T . The Hawking
temperature in this system is kBTH/~ ≈ 106/T ≈ 2π × 20kHz. In the small time
interval τ = 0.05T of the black hole creation, the ions are normally traversing the angle
∆θ ≈ 2π × 0.05, which is large compared to the size of the black hole region. For the
measurement we propose to illuminate N˜ = 200 ions for the time tM = T/4. In this
case M = 100 repetitions of the experiment are sufficient.
6. Conclusion
In summary, we have discussed in this paper the details of a recent proposal to observe
the Hawking effect with ions rotating on a ring [1]. We have described how to create
an analog black hole spacetime in this system (see Sec. 2). The horizon emits Hawking
radiation with a thermal spectrum (see Sec. 4). We have analyzed the emergence of
correlations and entanglement between the inside and the outside of a black hole after
its creation (see Sec. 4.2). These correlations are a signature for the pair creation
mechanism of Hawking radiation.
In this paper we have deepened our analysis of the emerging entanglement (see Sec.
4.2.3). We cannot observe the creation of entanglement at too high initial temperatures.
The generated cross-correlations, instead, remain present at arbitrarily high initial
temperatures. Thus, we find the transition from the quantum to the classical Hawking
effect (spontaneous versus stimulated emission).
Nevertheless, current technology allows to measure the quantum Hawking effect
in an experiment. We have presented a detailed discussion of realistic measurement
techniques. It is possible to directly measure the cross-correlation signal (see Sec. 5.1)
or the emitted Hawking phonons (see Sec. 5.2).
To conclude, we expect ring traps to be extremely useful for future quantum
simulations. They offer great opportunities, especially for studying translationally
invariant systems.
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Appendix A. External Forces
In this Appendix we present the detailed form of the external forces appearing in the
general Hamiltonian (1) and the harmonic Hamiltonian Eq. (5). These forces are chosen
to enforce the imposed equilibrium motion of the ions θ0i (t) in Eq. (2).
The Coulomb force on the ith ion tangential to the ring is given by
F ci (θ1(t), . . . , θN(t)) =
e2
4πǫ0
∑
j 6=i
F c (θi(t)− θj(t)) (A.1)
with
F c(∆θ) = π2sign(sin(∆θ/2))
cos(∆θ/2)
L2 sin(∆θ/2)2
, (A.2)
where θi(t) gives the ion position at time t. The classical equations of motion are now
mL/(2π)θ¨i(t) = F
c
i (t) + F
e(θi(t)). We determine the local external force F
e from this
equation such that it guarantees the imposed equilibrium trajectories of the ions
F e(θ, t) =
[
L
2πT 2
]
g′′vmin
(
g−1(θ)
)
+
[
L
2πT
]
2
∂g′vmin
∂v
(
g−1(θ)
) · dv
dt
(t)
+
[
L
2π
]
∂2gvmin
∂v2
(
g−1(θ)
) · [dv
dt
(t)
]2
+
∂gvmin
∂v
(
g−1(θ)
) · d2v
dt2
(t)
+
N−1∑
i=1
F c
(
θ − gvmin(g−1(θ) +
i
N
)
)
. (A.3)
This force is time-independent if the parameter vmin is time-independent.
In harmonic approximation (see Eq. (5)) the Coulomb force and the external force
are encoded in the force matrix F = (fij)(
L
2π
)2
fij(t) = f
c
ij(t) + δijf
e
i (t). (A.4)
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The contribution from the Coulomb force is
f cij(t) =
e2
4πǫ0
·
{
f c
(
θ0i (t)− θ0j (t)
)
i 6= j
−∑k 6=i f c (θ0i (t)− θ0k(t)) i = j (A.5)
with
f c (∆θ) = π3
∣∣∣∣1 + cos(∆θ/2)2sin(∆θ/2)3
∣∣∣∣. (A.6)
The contribution from the diagonal external force is
f ei (t) =
m
g′
(
i
N
+ t
T
) {[ L
2πT 2
]
g′′′vmin
(
i
N
+
t
T
)
+ 2
[
L
2πT
]
∂g′′vmin
∂vmin
(
i
N
+
t
T
)
· dv
dt
(t)
+
[
L
2π
]
∂2g′vmin
∂vmin2
(
i
N
+
t
T
)
·
[
dv
dt
(t)
]2
+
∂g′vmin
∂vmin
(
i
N
+
t
T
)
· d
2v
dt2
(t)
}
+
e2
4πǫ0
·
∑
j 6=i
f c
(
θ0i (t)− θ0j (t)
) [
1− f
′
(
j
N
+ t
)
f ′
(
i
N
+ t
)] . (A.7)
Appendix B. Velocity Profile
The classical equilibrium positions of the ions, thus their velocity profile, are imposed
by the function g as specified in Eq. (2). We make the choice
g′(x)
T
=

vmin 0 ≤ x ≤ σ − γ1
β + αh
(
x−σ
γ1
)
−γ1 < x− σ < γ1
vmax σ + γ1 ≤ x ≤ 1− σ − γ2
β − αh
(
x−1+σ
γ2
)
−γ2 < x− (1− σ) < γ2
vmin 1− σ + γ2 ≤ x ≤ 1
(B.1)
with α = (vmax − vmin) /2 and β = (vmax + vmin) /2 and h(s) = 15/8s− 5/4s3 + 3/8s5.
We use g(0) = 0 to determine the equilibrium positions of the ions. In the supersonic
region σvminT . θ . 2π − σvminT the constant angular ion velocity is vmax (see Eq.
(4)) and in the complementary subsonic region its constant value is v (θ) = vmin. Thus,
the black hole horizon is located close to θH = σvminT . This stepwise definition has
the advantage that the velocity profile is flat inside and outside of the horizon, that the
width of both regions can be adjusted, and that the width of the horizon regions can
be adjusted. This flexibility is useful for the detection of correlation patterns in Sec.
4.2. Also this profile must be sufficiently continuous to generate a physically allowed
equilibrium motion.
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In a part of this paper we dynamically create a black hole metric from a flat
metric. We choose to reduce the velocity in the subsonic region from 2π/T at t = 0,
corresponding to homogeneously spaced ions, down to vmin at t≫ τ according to
vmin(t) = vmin +
(
2π
T
− vmin
)
exp
[
−
(
t
τ
)2]
. (B.2)
We choose a Gaussian profile to guarantee ∂v
∂t
(t = 0) = 0. In this case, the velocity
profile becomes (compare with Eq. (3))
v(θ, t) =
g′vmin (g
−1 (θ))
T
+
∂gvmin
∂vmin
(
g−1 (θ)
) · dvmin
dt
(t). (B.3)
Appendix C. System Dynamics and Equilibrium State
The quasi-free quantum dynamics of the harmonic system (5) are governed by the
classical linear equations of motion for the first (see Eq. (7)) and second moments (see
Eq (8)). The equations for the first moments can be written
∂
∂t
〈ξˆi〉t =
∑
j
Gij(t)〈ξˆj〉t (C.1)
with the matrix G = (Gij)
G =
(
0
(
2pi
L
)2 · 1
m(
L
2pi
)2F 0
)
. (C.2)
The dynamics for the second moments are governed by the equation
∂
∂t
Γ(t) = G(t) · Γ(t) + Γ(t) · G(t)T . (C.3)
We determine the thermal state with temperature T0 of homogeneously spaced ions at
rest by a mode decomposition of the system. The Fourier transform O diagonalizes the
system (5)
δθ˜k =
N∑
i=1
Okiδθˆi, δp˜k =
N∑
i=1
OTkiδpˆi (C.4)
to
H =
N∑
k=1
[
δp˜2i
2m
+
m
2
ω2kδθ˜
2
k
(
L
2π
)2]
(C.5)
The mode frequencies are
ω2kδkl =
(
2π
L
)2 (
OfOT
)
kl
. (C.6)
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Figure D1. log (µ− 1) for N = 100 ions, and σvminT = 2π · 0.25. In this stability
diagram values of log (µ− 1) close to zero represent stable systems. (a) Only nearest-
neighbor interactions considered; (b) Full Coulomb interactions considered.
According to the Bose-Einstein statistic each mode is on average occupied by
〈nˆk〉 = 1
exp
(
~ω
kBT0
)
− 1
(C.7)
phonons. In equilibrium the first moments vanish 〈ξˆi〉 = 0 due to the parity symmetry
of the harmonic Hamiltonian (5). The covariance matrix at temperature T0 is given by
〈δθˆiδθˆj〉 =
(
2π
L
)2
~
m
N∑
k=1
OTik
〈nˆk〉+ 12
ωk
Okj,
〈δpˆiδpˆj〉 = ~m
N∑
k=1
Oikωk
(
〈nˆk〉+ 1
2
)
OTkj,
〈δθˆiδpˆj〉 = 0. (C.8)
Appendix D. Stability Analysis
In this Appendix we describe a stability analysis of our system. After a brief introduction
to the method, we show results of the numerical simulations and put them into the
context of previous works [5]. Finally, we show that the observed instabilities are not
important for our proposal.
The solution of explicit linear differential equations like Eq. (C.1) can be written
〈ξˆi〉t =
∑
j
Uij(t)〈ξˆj〉t (D.1)
with the monodromy matrix U(t) satisfying the initial condition U(0) = 1 and the
dynamics
∂tU(t) = G(t) ·U(t). (D.2)
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Figure D2. Largest eigenvalue of U†(t)U(t) at time steps t=nT. This quantity is
an upper bound of observables. We consider N = 1000 ions, σvminT = 2π · 0.25, and
τ = 0.05T . We compare the stable system e2/4πǫ0 =
0.2453
2N
mL3
T 2
(green dots) with the
unstable system e2/4πǫ0 =
0.2446
2N
mL3
T 2
(blue squares). Full Coulomb interactions are
considered.
If the system is periodic G(t+ T ) = G(t), Floquet theorem states
U(t) = X(t) · eRt (D.3)
with the periodic matrix X(t + T ) = X(t) and the constant matrix R (see e.g., [42]).
Therefore, the stability of the motion is determined by the eigenvalue of the matrix
U(T ) = exp (RT ) with the largest magnitude. We denote this magnitude by µ, the
dynamics are unstable for µ > 1. The monodromy matrix U does not only describe the
first moments (see Eq. (D.1)), but also the evolution of the covariance matrix (see Eq.
(C.3))
Γ(t) = U(t)Γ(0)UT (t) = (U(t)⊗U(t)) Γ(0). (D.4)
In our case the periodicity with period T is not the highest symmetry. The system is
also invariant under combined translations in time and space (see Eq. (46)). Thus U(T )
follows from U(T/N)
U(T ) = (T ·U(T/N))N , (D.5)
where T is the index translation matrix.
The results of the numerical stability analysis are shown in Fig. D1(a) for nearest-
neighbor interactions and in Fig. D1(b) for full Coulomb interactions as a function of
(cT/(2π))2 = 2Ne2/(4πǫ0) · T 2/(mL3) and vminT/(2π). For σvminT = 2π × 0.25, c2 is
the mean of the squares of the two sound velocities (see Eq. (16)) on the ion ring. The
analysis shows a distinction between three parameter regions. If the system is supersonic
on the whole ring (at small c2) the system is mostly stable with stripes of instabilities.
If the system is subsonic on the whole ring (at large c2) the system is always stable. In
the interesting intermediate regime a subsonic region coexists with a supersonic region
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on the ion ring, here the stability analysis is most complex. In this case the system
is unstable apart from stripes of stability that bunch up in the central region which
is most interesting for experiments. So we find that the appearance of instabilities is
closely related to the presence of a black hole horizon. The structure of the instabilities
is very similar to the result of the stability analysis in [5]. Black hole laser instabilities
[43] may contribute to these behavior. They occur in the presence of two horizon when
particles bounce between the horizons and enhance themselves.
This stability analysis detects exponential instabilities. We show now that these
exponential instabilities are not important for the proposed experiment. The increase of
the experimental quantities is bounded by the maximal magnitude ν of the eigenvalues
of (U†(T ))n(U(T ))n for n = 1, 2, . . . . ν is shown in Fig. D2 for an exponentially stable
and an exponentially unstable system. The exponential instability becomes dominant
for t > 5T . Therefore, it does not have a consequence for the proposed experiment
performed during t . T .
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